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Abstract
A one-dimensional continuum-mechanical model of axonal elongation due to assembly of tubulin dimers in the growth cone is
presented. The conservation of mass leads to a coupled system of three differential equations. A partial differential equation models
the dynamic and spatial behaviour of the concentration of tubulin that is transported along the axon from the soma to the growth
cone. Two ordinary differential equations describe the time-variation of the concentration of free tubulin in the growth cone and the
speed of elongation, respectively. All steady-state solutions of the model are categorized. Given a set of the biological parameter
values, it is shown how one easily can infer whether there exist zero, one or two steady-state solutions and directly determine
the possible steady-state lengths of the axon. Explicit expressions are given for each stationary concentration distribution. It is
thereby easy to examine the influence of each biological parameter on a steady state. Numerical simulations indicate that when
there exist two steady states, the one with shorter axon length is unstable and the longer is stable. Another result is that, for nominal
parameter values extracted from literature, in a large portion of a fully grown axon the concentration of free tubulin is lower than
both concentrations in the soma and in the growth cone.
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1. Introduction
Axons are cables that transmit electrical signals between neu-
rons. When the cell body of a neuron, the soma, is fully formed,
the neuron begins to sprout small projections known as neurites.
After an initial stage and through a process not fully detailed
yet, one of these neurites exhibits a dramatic increase in growth
and is denoted the axon. The axon elongates and seeks its target
in the body. This stage is mainly guided by the mobile and sen-
sitive tip of the axon called the growth cone, which is highly re-
sponsive to chemical substances in the body environment. Such
chemical cues can attract or repel the growth cone. This is
achieved by a reorganization of the internal protein structure,
the cytoskeleton, inside the growth cone. If a gradient of guid-
ance cue is found, cytoskeletal changes happen asymmetrically
and the growth cone turns towards or away from the guidance
cue. A description and review of the cytoskeletal dynamics and
transport in growth cone motility and axon guidance is provided
by Dent and Gertler [2]. A later review by Suter and Miller [23]
focuses on the influence of the forces generated by the growth
cone on the axonal elongation. Excellent reviews of the differ-
ent types of modelling of different stages in the development
of axons and their behaviour are provided by Graham and van
Ooyen [7], Kiddie et al. [11] and van Ooyen [25]. Additional
biological insight are provided by Miller and Heidemann [15].
In a recent publication, Hjort et al. [8] model the competitive
tubulin-driven outgrowth and withdrawal of different branches
of the same neuron.
The elongation of the axon is caused by an assembly (poly-
merization) of free tubulin dimers to microtubules that build
up the cytoskeleton. This occurs mainly in the growth cone,
while tubulin is produced in the soma. The fact that axons
can grow very long has initiated both experimental and theo-
retical investigations of the biological and physical processes
which are responsible for the transportation of tubulin along the
long axon. Fundamental variables that affect the growth are the
amount of available free tubulin in the growth cone, the reaction
rates of the polymerization and depolymerization processes in
the growth cone, the degradation of tubulin in the entire axon,
the tubulin production rate in the soma and the processes of
transportation of tubulin along the axon.
We have been attracted by the question of whether it is pos-
sible to develop a simple mechanistic model for axonal growth
so that some investigations can be performed on how the key
biological parameters influence the axonal growth. Hence, we
will confine to a one-dimensional model and neither consider
any axonal pathfinding nor the branching of axons which some-
times occur. Axons may not only grow but also contract or stay
still during time periods, and also alternate between these three
phases. This has lead to include stochastic variables in mod-
els. For example, Janulevicius et al. [9] model the growth and
shrinkage phases of microtubules and the random switches be-
tween these phases. Model parameters are collected from the
experimental work by Walker et al. [28]. Deterministic models,
which do not contain such random processes, try to catch the
mean value of the behaviours of many microtubules.
All mathematical models of biological phenomena are for-
mulated with substantial simplifications. Some phenomenolog-
ical models utilize mathematical functions to describe certain
connections; for example, O’Toole and Miller [18] quantify
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axonal elongation in terms of slow axonal transport, protein
degradation, protein density, adhesion strength and axonal vis-
cosity.
Models of the dynamic behaviour are formulated by differen-
tial equations. Some dynamic models confine to ordinary differ-
ential equations (ODEs), hence containing unknown functions
(the model outputs) that depend only on time; see e.g. [26, 27].
Because of the substantial length of an axon it is, however, nat-
ural to assume that the concentration of a substance varies both
with time and position along the axon. Deriving a dynamic
model from a physical law, such as the conservation of mass,
leads then necessarily to a partial differential equation (PDE);
see [5, 6, 12, 13, 14, 20, 22]. The multi-compartment model
by Hjort et al. [8], which has a system of ODEs for each axon,
is essentially a spatially discretization of a PDE. However, it is
generally safer to write a model including functions of several
variables (spatial location and time) in terms of PDE and then
use established numerical methods for their simulation.
Garcia et al. [5] model the diffusion of tubulin along the axon
with the linear diffusion PDE and the active transport by track-
ing the position of each motor protein assuming they all move
with a constant velocity. The microtubule assembly at the tip is
modelled by an ODE with a constant polymerization rate and
they ignore the depolymerization and degradation of tubulin.
Furthermore, they propose a mechanical model of the polymer-
ized microtubules in order to describe how the axonal growth
process influences the mechanical properties of the cytoskele-
ton.
Smith and Simmon [22] presented and analyzed an interest-
ing model of the two components of axonal cargo transport, dif-
fusion and active, of a substance by means of three linear PDEs,
all originating from the conservation of mass of one substance
present in three states. One diffusion equation models the free
substance, and the other two advection equations model the an-
terograde and retrograde moving cargoes (by motor proteins),
respectively. The coupling between the equations occur via
source terms, or rather binding/detachment terms, which model
the movements of substance between the free state and either of
the actively moving-cargo states, in both directions. There are
seven model parameters; one diffusion constant, two advection
velocities and four rate constants for the bindings/detachments.
The axon is assumed to have a fixed length and there is no
degradation of the substance included in the model.
The model by Smith and Simmon [22] has been used by
Sadegh Zadeh and Shah [20], who successfully calibrated the
parameters of the model to published experimental data.
As noted by Smith and Simmon [22], a simplified model of
their three linear PDEs consists of a single advection-diffusion
PDE with only two model parameters; an effective drift velocity
and an effective drift diffusion constant; see [22, Formulas (4a)–
(4b)]. We are interested in such a simplified approach for the
transport of tubulin along the axon. Such an advection-diffusion
PDE, with an additional sink term modelling the degradation
of tubulin, can be found in the model by McLean and Gra-
ham [12].
The present work is particulary motivated by the determin-
istic one-dimensional continuum model by McLean and Gra-
ham [12]. The linear PDE describes the concentration of tubu-
lin as a function of time and distance from the soma along the
axon to the growth cone. The moving growth cone means that
the right boundary of the PDE is moving with an unknown
velocity, which is the axon growth velocity. Such a moving-
boundary problem causes some mathematical difficulties. The
axonal elongation speed is modelled by an ODE, which should
capture the assembly and disassembly of microtubules depend-
ing on the available free tubulin concentration at the moving
boundary. The different steady-state solutions are presented in
[12]. In [6, 14], numerical simulations of the model are pre-
sented. In [6], Graham et al. also introduced an additional pa-
rameter, the autoregulation gain, related to the production of
tubulin in the soma. In [13], the interesting question of stability
of the steady states was investigated.
Our model can be seen as an extension and modification of
the one by McLean and Graham [12]. In addition to the linear
PDE and ODE described above, we have an ODE modelling the
dynamics of the free tubulin concentration in the growth cone
where the motor proteins release the tubulin dimers. Another
difference is the modelling of the flux of tubulin over the mov-
ing boundary.
The rest of the paper is organized as follows. The model is
derived in detail in Section 2 with the aim of motivating all pa-
rameters. The nominal parameter values chosen are motivated
in Section 3. All steady-state solutions of the model are given
and characterized in Section 4. Section 5 contain plots of how
the different steady-state solutions depend on the variation of
each parameter from the nominal set of parameter values. In-
vestigations of the stability of the steady states by means of
numerical simulations are given in Section 6. Discussions and
conclusions, including a detailed description of the difference
between our model and the one by McLean and Graham [12],
are given in Section 7.
2. The Model
In this section, a continuum mechanical model for the growth
of an axon is derived. Any modelling methodology for captur-
ing a biological or physical phenomenon has to start by making
idealizing assumptions. In neuronal physiology it is a known
fact that the growth of a newborn axon is strictly connected to
the presence of the group of proteins called tubulin. The main
idealizing assumption is that tubulin is the only substance in-
volved in the growth of an axon. Another idealizing assumption
is that the molecules of free tubulin are so small that one can
consider them as a homogeneous continuum. Then the physi-
cal conservation law of mass can be used to derive differential
equations that govern the dynamic behaviour of the concentra-
tion of tubulin both along the axon and in the growth cone. Fi-
nally, some constitutive assumptions have to be introduced to
couple and thereby reduce the number of unknown variables so
that a solution of the equations can be obtained. Such constitu-
tive assumptions are based on physical and biological facts as
far as possible.
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Figure 1: Schematic illustration of a growing axon.
2.1. Idealizing modelling assumptions
In Figure 1, an idealized axon is shown. The one-dimen-
sional x-axis is placed along the axon, which at time t [s] has the
length l(t) [m]. The latter variable is one output of the model.
The effective cross-sectional area of the axon through which
tubulin is transported is assumed to be a constant denoted by
A [m2]. Another output of the model is the concentration of
tubulin along the axon, which is assumed to vary with x and t;
i.e. c = c(x, t) [mol/m3]. Tubulin is produced only in the cell
body, the soma, which is placed to the left of x = 0. We assume
that the time-varying tubulin concentration in the soma cs(t) is
known. No tubulin is produced along the axon, but degrada-
tion occurs at the constant rate g [1/s]. The tip of the axon,
the growth cone, is located to the right of x = l(t), and has the
volume Vc [m3]. For simplicity, we introduce a characteristic
length of the growth cone; lc := Vc/A (it turns out that the final
model only contains this ratio). The growth cone is consid-
ered to be a completely mixed compartment in which the un-
known concentration of tubulin dimers is denoted by cc(t). No
production of tubulin occurs in the cone, but consumption oc-
curs, partly because of degradation at the constant rate g [1/s],
partly because of the assembly of dimers to microtubules that
elongates the axon at a constant rate r˜g [1/s], i.e., r˜g is the re-
action rate of polymerization of guanosine triphosphate (GTP)
bound tubulin dimers to microtubule bound guanosine diphos-
phate (GDP). As for the polymerization, we let Ag [m2] denote
the constant effective area of growth and ρ [mol/m3] the den-
sity of the assembled microtubules (the cytoskeleton). Finally,
we assume that the assembled microtubules in the growth cone
may disassemble at the constant rate s˜g [1/s]. All biological
and physical constants are assumed to be non-negative.
2.2. The conservation law of mass and constitutive assump-
tions
The conservation of mass of tubulin states that the rate of
increase of mass in an arbitrary interval (x1, x2) of the x-axis
equals the mass flux (mol per unit time) in minus the flux out
plus the production inside the interval:
d
dt
x2∫
x1
Ac(x, t) dx = A
(
F|x=x1 − F|x=x2
)
+
x2∫
x1
ASa dx, (1)
where F [mol/(m2s)] is the flux per unit area of tubulin
and Sa [mol/(m3s)] is a source/sink modelling local produc-
tion/consumption in the axon. Since only degradation is taken
into account, we have Sa = −gc. Note that the flux F is
the product of the concentration c and the velocity of tubulin
v [m/s]:
F = cv. (2)
The conservation law (1) yields two dynamic equations. Let-
ting the interval (x1, x2) shrink to a point x ∈ (0, l(t)) one
gets the PDE (assuming c and F are continuously differentiable
functions):
∂c
∂t
+
∂F
∂x
= −gc for 0 < x < l(t). (3)
This is one equation with two unknowns; c and F (or v). A
constitutive assumption is needed. It is often assumed that the
flux of tubulin F is determined by active transport by motor
proteins having the constant velocity a [m/s] and diffusion of
free tubulin according to Fick’s law [3, 4, 7, 8, 11, 12, 15, 22,
26, 27, 20]. The constitutive assumption relating the flux F and
the concentration c is
F(c, cx) = ac − Dcx, (4)
where D [m2/s] is the diffusion coefficient and cx = ∂c/∂x.
Substitution of (4) into PDE (3) gives the advection-diffusion-
reaction equation
∂c
∂t
+ a
∂c
∂x
− D∂
2c
∂x2
= −gc for 0 < x < l(t). (5)
The conservation of mass (1) should also hold for the growth
cone located in the interval (x1, x2) = (l(t), l(t) + lc). Over (the
moving) right boundary x = l(t) + lc, there is no flux; however,
there is over x = l(t). To write down this flux from left to right,
we introduce the following notation:
c− := c
(
l(t)−, t
)
= lim
↘0
c
(
l(t) − , t),
which is the concentration just to the left of the boundary x =
l(t). Similarly, we use the notation c−x and v−. The boundary
x = l(t) moves with velocity l′(t) = dl/dt while the tubulin
moves with the velocity v−. If v− is higher than l′(t), then there
is a net inflow of tubulin to the growth cone; otherwise, there is
an outflow. Hence, it is the relative velocity of tubulin v− − l′(t)
that determines whether the net influx is positive or negative.
Since the flux (amount per unit time) is the product of the net
velocity, the concentration and the cross-sectional area, the net
flux over x = l(t) in the x-direction is
A
(
v− − l′(t))c−. (6)
With the physical law (2) and the constitutive assumption for F
(4), the velocity of tubulin can be written
v(c, cx) =
F(c, cx)
c
= a − Dcx
c
.
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Substituting this into (6), we get the flux [mol/s] of tubulin over
x = l(t) (seen by an observer moving with the boundary):
A
(
ac− − Dc−x − l′(t)c−
)
. (7)
The conservation of the amount of free tubulin in the growth
cone leads to the following ODE:
d(Vccc)
dt︸   ︷︷   ︸
mass increase per unit time
=
= A
(
ac− − Dc−x − l′(t)c−
)︸                       ︷︷                       ︸
flux in
− gVccc︸︷︷︸
degradation
− r˜gVccc︸ ︷︷ ︸
assembly
+ s˜gρAgκlc︸    ︷︷    ︸
disassembly
.
(8)
We assume that the degradation of free tubulin occurs at the
same rate g as in the entire axon. The two last terms describe
mass per unit time of the assembly/disassembly (polymeriza-
tion/deplymerization) of microtubules. The assembled mass per
unit time is assumed to be proportional to the available amount
of tubulin in the cone Vccc(t) with the reaction rate r˜g as the pro-
portionality constant. The disassembly at the rate s˜g is a process
that reduces the growth rate, and is proportional to the already
assembled microtubules, ρAgκlc, where κ > 0 is a dimension-
less constant such that κlc is the length of the assembled micro-
tubles that may undergo disassembly. Experimental evidence
that this term is independent of the free tubulin concentration
has been provided by Walker et al. [28].
Before simplifying Equation (8), we note that it contains the
two unknown functions cc(t) and l(t). A relation between these
is needed. The conservation of the amount of assembled (poly-
merized) tubulin is the following, where the terms on the right-
hand side have been explained above; see the two last terms of
(8):
d(ρAgl)
dt︸   ︷︷   ︸
mass increase per unit time
= r˜gVccc(t)︸    ︷︷    ︸
assembly
− s˜gρAgκlc︸    ︷︷    ︸
disassembly
. (9)
Since the density ρ and growth area Ag of assembled micro-
tubules are assumed to be constants, we can divide Equation (9)
by ρAg and obtain
dl
dt
=
r˜gVc
ρAg
cc(t) − s˜gκlc. (10)
If the concentration of tubulin is too low, this equation yields
that the elongation is negative, which means that the axon
shrinks. To compare with the notation in the model of McLean
and Graham [12], who write the equation l′(t) = rgcc − sg, we
set
rg :=
r˜gVc
ρAg
and sg := s˜gκlc,
where sg is easily interpreted as the maximum speed of shrink-
age, which occurs when cc = 0. The parameter rg is a sort of
rate coefficient for the polymerization; however, it has not the
unit of a rate constant. It is the proportionality concentration
between the resulting elongation speed due to the polymeriza-
tion and cc when there is now disassembly. We also define
c∞ :=
sg
rg
=
s˜gρAgκlc
r˜gVc
=
s˜gρAgκ
r˜gA
, (11)
which is the threshold concentration when l′(t) = 0, i.e. when
there is no elongation, since the processes of assembly and dis-
assembly are equally large. Therefore, c∞ is the steady-state
concentration in the growth cone. Then (10) can be written
dl
dt
= rg(cc(t) − c∞). (12)
Thus, rg is the proportionality constant between the elongation
speed and the excess tubulin concentration in the growth cone
above the steady-state level c∞.
We now simplify Equation (8) by dividing by A, use (11) to
introduce c∞ and use (12) to express it without l′(t):
lc
dcc
dt
= ac−−Dc−x −rg(cc−c∞)c−−glccc− r˜glccc + r˜glcc∞. (13)
2.3. Model equations with boundary and initial conditions
The three model equations are (5), (12) and (13), and the
unknowns are c(x, t), cc(t) and l(t). The physical/biological pa-
rameters that need to be specified are a, D, g, lc, r˜g, rg, c∞ and
cs(t). When diffusion is present (D > 0) it is well known that
the parabolic equation (5) has smooth solutions c(x, t). There-
fore, it is natural to impose boundary conditions requiring that
the concentration is continuous at x = 0 and x = l. In particu-
lar, this means that c− = c(l(t), t) = cc(t), which simplifies the
right-hand side of (13). Initially, we assume that the neurite that
becomes the axon has the length l0 > 0 (which may be small)
and that the given initial concentration distribution is c0(x) (the
index denotes t = 0). From a mathematical point of view, the
function c0(x) can be chosen rather freely; however, a natural
choice for a small neurite may be the soma concentration. The
full model is the following:

∂c
∂t
+ a
∂c
∂x
− D∂
2c
∂x2
= −gc, 0 < x < l(t), t > 0,
lc
dcc
dt
= (a − glc)cc − Dc−x
− (rgcc + r˜glc)(cc − c∞),
t > 0,
dl
dt
= rg(cc − c∞), t > 0,
c(0, t) = cs(t), t ≥ 0,
c
(
l(t), t
)
= cc(t), t > 0,
c(x, 0) = c0(x), 0 ≤ x ≤ l(0) = l0,
cc(0) = c0(l0).
(14)
Since we are interested in steady-state solutions in this work,
we will mostly use a constant soma concentration.
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Table 1: Parameter values. In steady state, the nominal parameter values to-
gether with the constant soma concentration cs = c∞ imply l∞ = 65.6 mm (see
Figure 6).
Parameter Nominal value Interval Unit
a 1 0.5–3 10−8 m/s
D 10 1–25 10−12 m2/s
g 5 1–200 10−7 s−1
lc 4 0.1–1000 10−6 m
rg 1.783 — 10−5 m4/(mol s)
r˜g 0.053 — s−1
c∞ 11.90 — 10−3 mol/m3
cs — 0–4c∞ mol/m3
3. Parameter values
The values of the model parameters are collected from the
literature. The nominal values and possible intervals are given
in Table 1. Here, we motivate our choices.
Galbraith et al. [4] present experimentally determined values
for the transportation of tubulin in the giant squid axon. For the
active transport, they obtained a = 93.9 µm/h ≈ 2.3 mm/day
≈ 2.66 · 10−8 m/s and the diffusion coefficient was about
D = 8.59 µm2/s = 8.59 · 10−12 m2/s. Reported active trans-
port speeds for other animals are a ≈ 0.5–2 mm/day; see Gal-
braith and Gallant [3, Table 1] and Miller and Samuels [16,
Table 1], and the references therein. Experiments with cultured
neuronal cells by Keith [10] yielded the two different values
a = 2.3 mm/day and 0.31 mm/day for the slow components a
and b, respectively.
Salmon et al. [21] have measured the radial diffusion of tubu-
lin in cytoplasm of eggs and embryos of the sea urchin Lytech-
inus variegatus and via the linear diffusion equation estimated
the diffusion coefficient to D = 5.9 · 10−12 m2/s. Other experi-
ments have resulted in diffusion coefficients of the same order,
e.g., Pepperkok et al. [19] report values between 1.3·10−12 m2/s
and 1.6 · 10−12 m2/s.
As for the tubulin degradation, Caplow et al. [1] report the
half-times of 9.6 h for tubulin-GTP and 2.4 h for tubulin-GDP,
which give the degradation rates g = ln 2/(9.6 · 3600) s−1 ≈
2.0 · 10−5 s−1 and 5 · 10−6 s−1, respectively. Miller and
Samuels [16, Table 1] report several published experimental
results with half-times of 14–75 days, which correspond to g
between 1.1 · 10−7 s−1 and 5.7 · 10−7 s−1. It seems to be of in-
terest to investigate the outputs of the model for a large interval
of values of g.
As in the model by McLean and Graham [12], we con-
dense all complicated building processes in the growth cone
and assume that the axonal elongation can be described by
Equation (12). Appropriate values should be found for the
concentration-rate coefficient rg and either the steady-state con-
centration c∞ or the maximum speed of shrinkage sg = rgc∞. It
is sometimes argued that the speed of axonal elongation from
the soma is similar, or equal, to the speed of growth υ+ of
the plus-end assembly of individual microtubules [6, 17]. Pub-
lished experiments have shown that the growth speeds υ+ and
υ− for the plus and minus end, respectively, of an independent
microtubule depend on the surrounding free tubulin concentra-
tion cc according to the affine relationships
υ+ = α+cc − β+, (15)
υ− = α−cc − β−, (16)
for positive constants α+ > α−, β+ and β− [17, 28]. The dy-
namic growth of a microtubule consists of phases of growth
alternated by rapid shortening due to depolymerization. The
shortening phase has a speed that seems to be independent of
concentration [28]. Furthermore, both the growth and shorten-
ing phases contain periods of pauses.
Mitchison and Kirschner [17] report the experimental values
α+ = 0.135 m/(M min) = 2.25 · 10−6 m4/(mol s),
α− = 0.042 m/(M min) = 0.70 · 10−6 m4/(mol s),
and β+ and β− small (near zero). For the same tubulin prepa-
ration, the steady-state concentration, when the average elon-
gation/shortening of many microtubules is zero, was 14 µM =
14·10−3 mol/m3, which together with the obtained constants α±
means that both ends are growing in steady-state (υ+, υ− > 0).
Hence, there are other processes, such as the rapid shortening,
that make the average growing speed be zero. Mitchison and
Kirschner [17] argue that in steady-state the majority of the mi-
crotubules that grow slowly is balanced by the minority shrink-
ing rapidly.
Graham et al. [6] refer to the value α+ = 2.25 ·
10−6 m4/(mol s) of Mitchison and Kirschner [17] when they
choose rg = 2.78 · 10−6 m4/(mol s) in Equation (12) for their
model, which is the one by McLean and Graham [12]. Then
they choose c∞ = 10 µM as the common order of concentra-
tion.
Walker et al. [28] presented further detailed measurements
of the individual microtubules in porcine brain tubulin and ob-
tained the following values for (15)–(16):
α+ = 0.33 m/(M min) = 5.5 · 10−6 m4/(mol s), (17)
β+ = 1.59 · 10−6 m/min = 2.65 · 10−8 m/s, (18)
α− = 0.15 m/(M min) = 2.5 · 10−6 m4/(mol s),
β− = 0.85 · 10−6 m/min = 1.42 · 10−8 m/s.
It is interesting to note that, with these values, the two lines
(15)–(16) intersect at the concentration ≈ 5 µM, which is also
the concentration at which υ+ ≈ υ− ≈ 0. The rapid shorten-
ing speeds were measured to 27 µm/min and 34 µm/min for
the plus and minus end, respectively, independently of the sur-
rounding tubulin concentration. We note that Janulevicius et
al. [9] use the values (17), (18) and 27 µm/min (from Walker
et al. [28]) for their model of dynamic instability. The model
consists of a growth phase with the velocity given by (15), a
shrinkage phase with constant shrinkage speed 27 µm/min, and
two affine relationships between the frequencies of rescue and
catastrophe as functions of the tubulin concentration, also with
coefficients from the measurements of Walker et al. [28]. These
frequencies are then used in a probability density function of
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an exponential distribution of waiting times between different
possible events.
To obtain the combined average effect of elongation and
rapid shortening of the plus and minus ends, Walker et al. [28]
took into account the average times for the different phases
and obtained the affine relationships shown in their Figure 9
for the plus and minus end, respectively. The sum of these
two functions gives an affine relationship for an average micro-
tubule and shows that the steady-state concentration is 10.9 µM
tubulin. Their corresponding experimentally measured value
was in the range 6.9–7.5 µM. For the assembly of tubulin
dimers in the growth cone of an axon, we are interested in
only the average growth of the plus-ends of microtubules. This
velocity as a function of tubulin concentration is given by a
straight line in [28, Figure 9]. We collect the following two
points on the line: (c1, υ1) = (14.43 µM, 73.42 dimers/s) and
(c2, υ2) = (7.99 µM,−113.04 dimers/s). To express the ve-
locity in SI units, we assume that there are 1625 dimers per
µm of microtubule as Janulevicius et al. [9] do, i.e. a dimer
has the length 6.1538 · 10−10 m. This value agrees well with
other values in [28] for which elongation speeds are expressed
in both m/s and dimers/s. In SI units, the two collected
points are (c1, υ1) = (0.01443 mol/m3, 4.518 · 10−8 m/s) and
(c2, υ2) = (0.00799 mol/m3,−6.956 · 10−8 m/s) from which we
obtain
rg =
υ1 − υ2
c1 − c2 = 1.783 · 10
−5 m4/(mol s), (19)
sg = −(υ1 − rgc1) = 2.121 · 10−7 m/s, (20)
and hence c∞ = sg/rg = 11.90 · 10−3 mol/m3.
Janulevicius et al. [9] estimate from the data of Tanaka and
Sabry [24] that the volume of a growth cone Vc lies in the range
1–200 µm3. Approximating the growth cone by a sphere, this
has then a radius in the range 0.62–3.6 µm. We expect our
parameter lc to be of this order.
The remaining parameter in the dynamic model (14) is the
polymerization reaction rate constant r˜g; see (9). This constant
appears only in the factor (rgcc + r˜glc) in the equation for the
cone concentration in the model(14). To define a nominal value
we assume that r˜glc is of the same order as rgcc. With lc = 4 µm,
cc = c∞ = 11.9 · 10−3 mol/m3 and rg given by (19), we get the
nominal value r˜g = 0.053 s−1.
4. All steady-state solutions and their properties
It is interesting to investigate the possible steady-state so-
lutions of a dynamic model. If the given soma concentration
cs is constant and all variables c, l, cc of the model equations
(14) are assumed to be independent of time, then we denote the
unknown constant axon length by l∞, and note that cc = c∞
holds by the ODE for l′(t). Then the model equations (14) yield
the following linear boundary-value problem for the unknown
function c = c(x) and the constant l∞ > 0:
D
d2c
dx2
− a dc
dx
− gc = 0, 0 < x < l∞,
Dc′(l∞) = (a − glc)c∞,
c(l∞) = c∞,
c(0) = cs.
(21)
Note that the two parameters rg and r˜g are not present in (21),
which means that they only influence dynamic solutions, not
steady-state solutions.
4.1. The case a > 0, D > 0 and g > 0
The general solution of the ODE in (21) is
c(x) = k+eλ+ x + k−eλ−x,
where λ± :=
a ± R
2D
and R :=
√
a2 + 4gD,
and where k± are two constants. We note that
λ− < 0 < λ+, λ+ − λ− = RD , λ+ + λ− =
a
D
,
which we will use in the calculations below. The three bound-
ary conditions in (21) give
Dk+λ+eλ+l∞ + Dk−λ−eλ−l∞ = (a − glc)c∞
k+eλ+l∞ + k−eλ−l∞ = c∞
k+ + k− = cs.
(22)
From the two upper equations of (22) we can express k± in
terms of l∞, for example, by using Cramer’s rule. The coef-
ficient determinant is
∆ := D(λ+ − λ−)eλ+l∞eλ−l∞ = Real∞/D.
Then we get
k+ =
1
∆
∣∣∣∣∣∣(a − glc)c∞ Dλ−eλ−l∞c∞ eλ−l∞
∣∣∣∣∣∣ = c∞eλ−l∞Real∞/D (a − glc − Dλ−)
=
c∞e−λ+l∞
R
(R + a
2
− glc
)
and analogously
k− =
1
∆
∣∣∣∣∣∣Dλ+eλ+l∞ (a − glc)c∞eλ+l∞ c∞
∣∣∣∣∣∣ = c∞eλ+l∞Real∞/D (Dλ+ − a + glc)
=
c∞e−λ−l∞
R
(R − a
2
+ glc
)
.
Now the third equation of (22) can be written with only one
unknown, l∞:
1
R
[
e−λ+l∞
(R + a
2
− glc
)
+ e−λ−l∞
(R − a
2
+ glc
)]
=
cs
c∞
. (23)
We can write this equation f (l∞) = cs/c∞, where
f (z) :=
1
R
[
e−λ+z
(R + a
2
− glc
)
+ e−λ−z
(R − a
2
+ glc
)]
, (24)
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Figure 2: A graph of the function f (z) given by (24) for the nominal values
of Table 1, which means that Case I of Theorem 4.1 is valid. Note that the
steady-state length l∞ is obtained from the equation f (l∞) = cs/cc. For a given
value of the ratio cs/cc on the f (z)-axis, one can easily read off the number of
steady-state solutions and approximately the corresponding length(s) l∞ on the
z-axis. For example, when cs/cc = 0.1, there are two steady-state solutions
corresponding to the red and green dots; see Figure 3. As cs/cc = 2, there is a
unique steady-state solution (magenta dot); see Figure 4.
f ′(z) =
1
R
[
−λ+e−λ+z
(R + a
2
− glc
)
− λ−e−λ−z
(R − a
2
+ glc
)]
.
(25)
Note that f (0) = 1, which via (23) corresponds to c∞ = cs. The
second terms within the squared brackets of both (24) and (25)
are positive (since λ− < 0 and R > a). This means that both
f (z), f ′(z) → ∞ (exponentially fast) as z → ∞. A graph of
the function f (z) given by (24) is shown in Figure 2. We now
investigate two main cases.
Assume first that glc < (R + a)/2 holds. Then and only then
the first term (within the squared brackets) of (25) is negative,
which is equivalent to the fact that the equation f ′(z0) = 0 has
the unique solution
z0 =
D
R
log
(R + a)(R + a − 2glc)
(R − a)(R − a + 2glc) . (26)
Since f ′(z) → ∞ as z → −∞, we can conclude that f (z) is a
unimodal function with z0 as its unique global minimum point;
see Figure 2. The nominal parameter values give
glc = 2 · 10−12 m/s < 1 · 10−8 m/s = a.
Then one can compute R = 1.10 · 10−8 m/s and
z0 = 5.64 mm, f (z0) = 0.060.
The following equivalence is valid for the number z0 given by
(26):
z0 > 0 ⇐⇒ (R + a)(R + a − 2glc)(R − a)(R − a + 2glc) > 1
⇐⇒ glc < a.
Hence, for glc < a < (a + R)/2 we can conclude that f (z)
is decreasing for 0 < z ≤ z0 and increasing for z ≥ z0. In
particular, f (z0) < f (0) = 1 holds. Furthermore, since glc <
a < (a + R)/2, it is clear that f (z) > 0 for all z, in particular,
f (z0) > 0. Hence, we may have zero, one or two steady-state
solutions depending on the parameter values. In the subcase a ≤
glc < (R+a)/2⇔ z0 ≤ 0, we conclude that f (z) is increasing for
z ≥ 0, which implies that there exists a unique solution l∞ > 0
of (23) if and only if f (0) = 1 < cs/c∞ holds.
Assume now that glc ≥ (R + a)/2 holds. Then the first term
of (25) is also positive, hence f ′(z) > 0 for all z, which implies
that (23) has a unique solution l∞ > 0 if and only if f (0) = 1 <
cs/c∞ holds. We conclude the cases in the following theorem.
Theorem 4.1. Assume that a > 0, D > 0, g > 0 hold. Then the
following cases may occur:
I. glc < a: There exists a z0 > 0 given by (26). There are
four subcases:
i. cs/c∞ < f (z0) < 1: No steady-state solution exists.
ii. cs/c∞ = f (z0): There exists a unique steady-state
solution of (21) with l∞ = z0 and c(x) given by the
decreasing function
c(x) =
c∞
R
[(R + a
2
− glc
)
eλ+(x−l∞)
+
(R − a
2
+ glc
)
eλ−(x−l∞)
]
, 0 ≤ x ≤ l∞.
(27)
iii. f (z0) < cs/c∞ < 1: There exist two steady-state so-
lutions. The axon lengths l∞1 and l∞2 satisfy 0 <
l∞1 < z0 < l∞2 and the corresponding concentration
distributions c1(x) and c2(x) are given by (27). The
function c1(x) is increasing for 0 ≤ x ≤ l∞1 and c2(x)
is decreasing for 0 ≤ x ≤ l∞2 − z0 and increasing for
l∞2 − z0 ≤ x ≤ l∞.
iv. cs/c∞ ≥ 1: There exists a unique steady-state solu-
tion of (21) with l∞ > z0, and c(x) given by (27) is
decreasing for 0 < x ≤ l∞ − z0 and increasing for
l∞ − z0 ≤ x ≤ l∞.
II. glc ≥ a: If and only if cs > c∞ holds, there exists a unique
solution l∞ > 0 of (23) and a unique steady-state solution
of (21) given by (27), which is a decreasing function.
Proof. What remains to be proved are the monotonicity prop-
erties of c(x) in the different cases. Differentiation of (27) gives
c′(x) =
c∞
R
[(R + a
2
− glc
)
λ+eλ+(x−l∞)
+
(R − a
2
+ glc
)
λ−eλ−(x−l∞)
]
, 0 ≤ x ≤ l∞. (28)
We first note that, within the squared brackets, the second term
is negative, since λ− < 0. If glc < (R + a)/2, then the equation
c′(x0) = 0 has the unique solution
x0 = l∞ − DR log
(R + a)(R + a − 2glc)
(R − a)(R − a + 2glc) = l∞ − z0. (29)
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Furthermore, c′(x) ≶ 0 for x ≶ x0. Note that this covers Case I,
since glc < a < (R + a)/2. If a ≤ glc < (R + a)/2 holds, then
z0 ≤ 0, so that x0 ≥ l∞. Hence c(x) is decreasing for 0 ≤ x ≤ l∞.
The remaining case is glc ≥ (R + a)/2. Then the first term of
(28) (within the squared brackets) is negative, so that c′(x) < 0
holds.
With the non-zero values of the parameters given in Table 1,
the different types of steady-state solutions are given by The-
orem 4.1. We now demonstrate and comment on the different
cases of Theorem 4.1 by assigning cs different values, rather we
let the ratio cs/c∞ take different values. For the other parame-
ters, we use the nominal values given in 1. Note how the graph
in Figure 2 of the auxiliary function f (z) visualizes the different
subcases of Case I, since given a value on the ratio cs/c∞ on the
vertical axis, one can read off the corresponding steady-state
length(s) l∞ on the horizontal axis.
Case I.i. If cs/c∞ < f (z0) = 0.060, then there exists no steady-
state solution with l∞ > 0. As can be seen in Figure 2, there
exists no solution of the equation f (z) = cs/c∞ for values of
cs/c∞ that lie below the minimum function value f (z0).
The biological interpretation is that when the soma concen-
tration satisfies cs < c∞ f (z0) = 7.12 · 10−4 mol/m3, it is so
small that no growth can occur. If the soma concentration was
larger earlier so that the axon has reached a certain length and
cs drops to a value below 7.12 · 10−4 mol/m3, then the dynamic
equation for the axon length in (14) implies that l′(t) < 0, i.e.,
the axon shrinks.
Case I.ii. This is a theoretical exceptional case with cs/c∞ =
f (z0) = 0.060, which means that the only solution is the min-
imum point z0 of f ; hence the steady state length is the small
number l∞ = z0 = 5.64 mm. The concentration distribution
along the axon c(x) is similar to the graph c1(x) shown in Fig-
ure 3.
The biological interpretation is that cs = c∞ f (z0) = 7.12 ·
10−4 mol/m3 is the smallest possible soma concentration that
can result in a stationary axon; however, its length is small.
Case I.iii. In this case cs satisfies f (z0) = 0.060 < cs/c∞ < 1.
One can see in Figure 2 that the equation f (z) = cs/c∞ then
has two solutions; one is the small number l∞1 < z0 and the
other l∞2 > z0. As an example, let cs/c∞ = 0.1, which means
cs = 1.19 · 10−3 mol/m3. Then Equation (23) can be solved
numerically to give l∞1 = 2.82 mm and l∞2 = 17.3 mm. The
corresponding two concentration distributions along the axon
are shown in Figure 3. In accordance with Theorem 4.1, c2(x)
has a minimum point at x = l∞2 − z0 = 11.7 mm.
The biological interpretation is that when the soma concen-
tration cs is smaller than c∞, then there are in fact two possi-
ble increasing concentration distributions along the axon (hence
two possible l∞), for which the flux of positive active transport
and negative diffusive transport is balanced by the degradation
along the axon.
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Figure 3: The two possible steady-state solutions in Case I.iii with the soma
concentration cs = 1.19 · 10−3 mol/m3, which is lower than the cone concen-
tration c∞ = 11.9 · 10−3 mol/m3. Compare with the coloured dots in Figure 2.
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Figure 4: The Case I.iv with the soma concentration cs = 2c∞ = 23.8 ·
10−3 mol/m3. Compare with the cyan dot in Figure 2.
Case I.iv. In this case cs > c∞, holds and there is a unique
steady-state solution. For example, cs = 2c∞ = 23.8 ·
10−3 mol/m3 implies that l∞ = 80.1 mm and the concentration
profile is shown in Figure 4.
The biological interpretation is that this is the normal case
with a larger soma concentration than growth cone concentra-
tion. Note the non-monotone concentration c(x) along the axon
and that the concentration is lower than the growth cone con-
centration c∞ along most of the axon length (the interval be-
tween x ≈ 30 mm and x = l∞ = 80.1 mm). The curve c2(x) in
Figure 3 also has the same principle non-monotone form. The
explanation for this non-monotone concentration profile c(x) is
that this very form is precisely such that all the following effects
are precisely balanced: active transport, diffusion, degradation
along the axon and in the growth cone, assembly and disassem-
bly of tubulin dimers. All these effects are combined and it is
therefore difficult to look at one or two separately in order to get
an intuitive feeling for the form of c(x). However, we discuss
this further in Section 7.
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Case II. In this case, the active transport coefficient satisfies
a < glc = 2 · 10−12 m/s. Such small values of a yield, from
a biological points of view, indistinguishable results from the
case with a = 0, which is is dealt with in the next subsection.
4.2. The case a = 0, D > 0 and g > 0
This case with no advective transport is a special case of the
one above with R = 2
√
gD and λ± = ±
√
g/D. It is easy to
conclude that z0 < 0. We are then in Case II of Theorem 4.1.
Theorem 4.2. Assume that a = 0, D > 0 and g > 0 hold. If
and only if cs > c∞ holds there exists a unique solution l∞ > 0
of (23) and a unique steady-state solution of (21) given by
c(x) =
c∞
2
[(
1 − lc
√
g
D
)
e(x−l∞)
√
g
D
+
(
1 + lc
√
g
D
)
e−(x−l∞)
√
g
D
]
, 0 ≤ x ≤ l∞, (30)
which is a decreasing function.
In this case the only transport of tubulin from the soma to the
growth cone is diffusion, wherefore a decreasing concentration
distribution c(x) is the only possibility (diffusion occurs from
higher to lower concentrations). As an example, we choose
cs = 4c∞ = 47.6 · 10−3 mol/m3, which yields the plots of Fig-
ure 5. The upper plot shows the auxiliary function f (z), which
is now increasing. As is shown by the magenta dot; despite a
soma concentration cs four times higher than c∞, the steady-
state length is only l∞ = 9.22 mm. The corresponding concen-
tration profile c(x) given by (30) is shown in the lower plot of
Figure 5.
4.3. The case a > 0, D > 0 and g = 0
In this case we have R = a, λ+ = a/D and λ− = 0. Then (23)
is reduced to
ae−al∞/D =
Rcs
c∞
⇐⇒ l∞ = Da log
c∞
cs
.
Theorem 4.3. Assume that a > 0, D > 0 and g = 0. If and only
if cs < c∞ holds there exists a unique solution l∞ > 0 of (23)
and a unique steady-state solution of (21) given by
c(x) = c∞e(x−l∞)a/D = csexa/D, 0 < x ≤ l∞ = Da log
c∞
cs
.
Since there is no degradation of tubulin, the total flux is zero
at every point of the x-axis. This means that the active transport
in the direction of increasing x-values is precisely balanced by
diffusion in the opposite direction, which is possible if and only
if c(x) is increasing.
4.4. The case D > 0 and a = g = 0
In this case, the solution of the ODE in (21) is the affine func-
tion c(x) = k1x + k2, where k1 and k2 are constants to be deter-
mined by the boundary conditions of (21). One finds that for
any value of l∞ > 0 the only possible solution is
c(x) = cs = c∞, 0 < x ≤ l∞. (31)
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Figure 5: The case when a = 0 (Theorem 4.2 or Case II of Theorem 4.1)
with the ratio cs/c∞ = 4. Since the only transportation of tubulin occurs with
diffusion, the steady-state length is much shorter than when active transport
also is present (a > 0).
Hence, there is neither any active (a = 0) nor any diffusive
transport, since the concentration is the same along the axon;
the diffusive flux is −Dcx = −D · 0 = 0. Since there is no
degradation, this case has probably no biological interest.
4.5. The cases with D = 0
If there is no diffusion present, but a > 0 and g > 0, then
the first boundary condition in (21) requires that a = glc holds,
which one cannot expect to be fulfilled. However, if a = glc
holds, then the steady-state solution satisfying the boundary
conditions is
c(x) = c∞e(l∞−x)/lc = cse−x/lc , 0 < x ≤ l∞ = lc log csc∞ .
Hence, l∞ > 0 if and only if cs > c∞, and then the concentration
is decreasing along the axon.
In fact, when diffusion is not present, the extra assumption
of a continuous concentration distribution is unnatural. When
active transport is the only movement of a substance, then all
waves, including discontinuities, in the concentration profile are
transported with the velocity a. In fact, the PDE of (14) is hy-
perbolic and solutions of such may contain discontinuities trav-
elling with the speed a during dynamic situations. When there
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is no diffusion that can smooth out sharp gradients, one cannot
exclude the case c− , cc. Removing the continuity assumption,
Equation (13) should be used for the dynamics of the cone con-
centration cc instead of the second equation of (14) where the
assumption c− = cc have been used. Then the boundary condi-
tion at x = l(t) in (21) should be replaced by Dc−x = ac− − glccc.
Hence, when D = 0 we have ac− = glccc. This is a much more
flexible condition that is fulfilled for all biologically possible
parameter values. The steady-state problem is then reduced to
− a dc
dx
− gc = 0, 0 < x < l∞,
ac− = glcc∞,
c(0) = cs.
(32)
Assume that a > 0 and g > 0. We first note that since any dis-
continuity in the interval (0, l(t)) has the positive speed a, there
exists no stationary discontinuity. The only possible disconti-
nuity in steady state is at x = l∞. Straightforward calculations
give the following theorem.
Theorem 4.4. Assume that D = 0, a > 0 and g > 0 and con-
sider the axonal-growth problem without the assumption that
the concentration c(x, t) is a continuous function, i.e., prob-
lem (14) with the ODE for cc replaced by (13). If and only
if cs > c∞glc/a holds there exists a unique steady-state solution
of (32) given by
c(x) = cse−gx/a, and l∞ =
a
g
log
acs
glcc∞
. (33)
Note that c(l∞) = cse−gl∞/a = glcc∞/a , c∞, unless a =
glc holds, which is the special case above when the solution is
continuous. The cases when also either a = 0 or g = 0 are
trivial and biologically uninteresting.
5. The steady-state solutions’ dependence on each parame-
ter
Given the nominal parameter values of a steady-state solution
(see Table 1), we shall now investigate the sensitivity of the
steady-state solutions with respect to each parameter.
In Figure 6, the concentration profiles along the axon are
shown when cs is varied and the other parameters are the nomi-
nal ones. It is interesting to note that for the nominal values, the
steady-state length l∞ = 65.6 mm when the soma concentration
cs is equal to the steady-state cone concentration c∞ = 11.9 µM.
Now we keep the ratio cs/c∞ = 2, i.e., cs = 2c∞ = 23.8 ·
10−3 mol/m3 and vary the other steady-state parameters. This
corresponds to Case I.iv in Theorem 4.1.
From Figure 7 we can conclude that the steady-state length
l∞ increases with the active transport a and both l∞ and the con-
centration profile c(x) are sensitive to small variations in a. On
the other hand, increasing the diffusion D implies a decrease
in l∞, but hardly changes c(x), except near the growth cone.
Decreasing D means a substantial increase in l∞. Note that, ac-
cording to Section 4.5, in the limit D = 0 there exists generally
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Figure 6: Concentration profiles for varying cs. Recall that c∞ = 11.9 µM. The
magenta graph (cs/c∞ = 0.5) is c2(x) of Case iii and the other belong to Case iv.
no continuous steady-state solution. The physically relevant so-
lution is given by (32), which is a decreasing function all the
way to the steady-state length l∞ = 184 mm (for cs/c∞ = 2).
Given the nominal values of Table 1, Figure 8 shows that
increasing the degradation rate g implies a substantial decrease
in l∞. However; the length l∞ is relatively insensitive to the size
of the growth cone expressed by the parameter lc, unless this
gets very big.
6. On the stability of the steady states
It is of interest to know whether a steady-state solution of
a mathematical model is biologically and physically relevant,
i.e., whether it can exist in reality. A steady-state solution of
a model is stable if one uses a disturbance of the steady state
as initial data and the dynamic solution converges back to the
steady state. If the solution moves further away, the steady state
is unstable.
Referring to the different cases of parameter values treated
in the theorems of Section 4, we expect that when there ex-
ists a unique steady state, it is stable. However, in Case I.iii of
Theorem 4.1, in which f (z0) = 0.06 < cs/c∞ < 1, there ex-
ist two steady states and the question is what happens for large
times. Because of the presence of diffusion, which has a damp-
ing effect on any oscillation, it is reasonable to assume that the
dynamic solution converges to a steady state as time increases.
Since it is difficult to make stability analyses mathematically,
we make the investigations here numerically. McLean and Gra-
ham [12] make a spatial transformation so that the moving in-
terval (0, l(t)) for the PDE is transformed to the fixed interval
(0, 1). A numerical implementation for their problem is pre-
sented by Graham et al. [6]. The transformation means that the
same number of spatial computational cells is used along the
axon irrespective of its length. We will use the same spatial
transformation:
y :=
x
l(t)
,
∂y
∂x
=
1
l(t)
,
∂y
∂t
= − xl
′(t)
l(t)2
= −yl
′(t)
l(t)
.
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Figure 7: Concentration profiles in Case I.iv for varying a and D, respectively.
With c¯(y, t) := c(yl(t), t), we get
∂c
∂t
=
∂c¯
∂t
− yl
′(t)
l(t)
∂c¯
∂y
,
∂c
∂x
=
1
l(t)
∂c¯
∂y
,
∂2c
∂x2
=
1
l(t)2
∂2c¯
∂y2
.
Then the dynamic model (14) is transformed to
∂c¯
∂t
+ α(y, cc, l)
∂c¯
∂y
− D
l2
∂2c¯
∂y2
= −gc¯, 0 < y < 1, t > 0,
dcc
dt
=
(a − glc)
lc
cc − Dlcl c¯
−
y
− (rgcc + r˜glc)
lc
(cc − c∞),
t > 0,
dl
dt
= rg(cc − c∞), t > 0,
c¯(0, t) = cs(t), t ≥ 0,
c¯(1, t) = cc(t), t > 0,
c¯(y, 0) = c0(yl0), 0 ≤ y ≤ 1,
cc(0) = c0(l0),
l(0) = l0,
(34)
where
α
(
y, cc(t), l(t)
)
:=
a − yl′(t)
l(t)
=
a − yrg(cc(t) − c∞)
l(t)
.
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Figure 8: Concentration profiles in Case I.iv for varying g and lc, respectively.
We will find approximate solutions to the model (34) using the
method of lines by performing a spatial discretization of the
PDE. The y-interval [0, 1] is divided into M subintervals all of
the size ∆y := 1/M. Set y j := j∆y and let C¯ j ≈ c¯(y j, t) for
j = 0, . . . ,M, where C¯M(t) = cc(t) by the continuity boundary
condition. Spatial second-order difference approximations are
used:
∂c¯
∂y
(y j, ·) ≈ C¯ j+1 − C¯ j−12∆y ,
∂2c¯
∂y2
(y j, ·) ≈ C¯ j+1 − 2C¯ j + C¯ j−1(∆y)2 .
In the ODE for the cone concentration, we use the one-sided
second order approximation
c¯−y ≈
C¯M − 4C¯M−1 + 3C¯M−2
2∆y
=
cc − 4C¯M−1 + 3C¯M−2
2∆y
.
Denote the time step by ∆t and set tn := n∆t, n = 0, 1, . . ..
At time t = tn, the concentration within the axon is approx-
imated by the numerically computed values C¯nj ≈ c¯(y j, tn),
j = 1, . . . ,M − 1. The approximate growth-cone concentra-
tion is denoted by Cnc ≈ c¯c(tn), the axon length by Ln ≈ l¯(tn).
The explicit Euler method means that each time derivative is
approximated by formulas like
∂c¯
∂t
(y j, tn) ≈
C¯n+1j − C¯nj
∆t
.
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As initial values, we set
C¯0j = c0(y jl0), j = 1, . . . ,M, C
0
c = c0(l0) and L
0 = l0.
Substituting the approximations of the derivatives into (34) we
get an explicit time marching numerical method, i.e., only old
values of the unknowns are used. For example, the update
formulas for the concentration values along the axon are, for
j = 1, . . . ,M − 1:
C¯n+1j = C¯
n
j + ∆t
−α(yi,Cnc , Ln)C¯nj+1 − C¯nj−12∆y
+
D
(Ln)2
C¯nj+1 − 2C¯nj + C¯nj−1
(∆y)2
− gC¯nj

=
(
1 − ∆t
(
2D
(Ln∆y)2
− g
))
C¯nj
+ ∆t
(
−α(yi,C
n
c , L
n)
2∆y
+
D
(Ln∆y)2
)
C¯nj+1
+ ∆t
(
α(yi,Cnc , L
n)
2∆y
+
D
(Ln∆y)2
)
C¯nj−1.
(35)
Given ∆y = 1/M, the time step ∆t has to be chosen suffi-
ciently small to avoid instabilities in the updates (35) for the
advection-diffusion PDE of (34). For example, with constant
Dirichlet boundary conditions, there exists a standard so called
CFL condition to ensure stability. The complication here is the
coupling to the two ODEs via the boundary at x = l(t). There-
fore, we make some assumptions on the numerical updates. To
be more precise, let N be the number time steps, T := N∆t the
total simulation time and set
cmax := max
(
c∞, max
0≤t≤T
cs(t)
)
.
Assume that the numerical values satisfy
Ln ≥ lmin > 0 and 0 ≤ Cnc ≤ cmax for n = 0, 1, . . . ,N,
(36)
where lmin is a constant. The scheme (35) is monotone (or pos-
itive) if the coefficients for C¯nj−1, C¯
n
j and C¯
n
j+1 are non-negative.
Then no unphysical numerical oscillations appear within the
axon. The requirements on the discretization parameters are
the cell Pe´clet condition for ∆y and a CFL condition for ∆t:
∆y ≤ 2D
(a + rg2cmax)lmin
, (37)
∆t ≤
(
g +
2D
(lmin∆y)2
)−1
. (38)
We first demonstrate Case I.iv of Theorem 4.1, which is the
case when cs/c∞ > 1 and there exists a unique steady-state so-
lution. To be able to compare with Figure 4, we choose the con-
stant ratio cs/c∞ = 2 and the initial axon length l(0) = 2 mm.
With the spatial discretization M = 1/∆y = 1000, the stabil-
ity criterion (37) is satisfied (with lmin = 2 mm) and the CFL
condition (38) gives ∆t ≤ 5.0 s. The axon length as function of
time is shown in Figure 9.
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Figure 9: A dynamic simulation of the outgrowth of an axon when cs/c∞ =
2. According to the steady-state results in Section 4, the final length is l∞ =
80.1 mm and the final concentration distribution is the same as the theoretically
obtained one in Figure 4.
In the following simulations, we have chosen M = 300 and
∆t in accordance with (37)–(38). In the next two simulations,
we choose cs/c∞ = 0.1, which corresponds to Case I.iii of The-
orem 4.1 and means that there are two steady-state solutions;
see the red and green dots in Figure 2 and the corresponding
steady-state concentrations in Figure 3. The simulation shown
in Figure 10 demonstrates simultaneously the instability of the
steady state with the shorter length lshort∞ = 2.82 mm and the
stability of the longer one with llong∞ = 17.3 mm by starting very
close to the smaller steady state: l(0) = lshort∞ + 1 µm and with
an initial profile c(x, 0) very close to c1(x) shown in Figure 3.
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Figure 10: The case cs/c∞ = 0.1. Dynamic behaviour of an axon with initial
length slightly larger than the steady-state value lshort∞ = 2.82 mm. The initial
data is almost in steady state, but since this is unstable, convergence to the other
stable steady state occurs.
If the initial data is instead a small perturbation to the slightly
shorter length l(0) = lshort∞ − 1 µm, we get the simulation result
in Figure 11. Note that our model (14) is only valid for l(t) > 0.
In particular, zero length of an axon is not a steady state. This
is in agreement with the simulation in Figure 11, in which l′(t)
is far from zero as l(t)→ 0.
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Figure 11: The case cs/c∞ = 0.1. The dynamic behaviour of an axon with
initial length slightly smaller than the steady-state value lshort∞ = 2.82 mm. The
initial data is almost in steady state, but since this is unstable the axon shrinks.
With the kept ratio cs/c∞ = 0.1, Figure 12 shows a simula-
tion when the initial length is l(0) = 30 mm, which is greater
than the stable steady-state length llong∞ = 17.3 mm. There is a
convergence back to the stable length 17.3 mm.
0 2 4 6 8 10
16
18
20
22
24
26
28
30
32
t [years]
l(t)
 [m
m]
Figure 12: The case cs/c∞ = 0.1. Starting from the initial length of l(0) =
30 mm there is a convergence to the steady-state length llong∞ = 17.3 mm.
Finally, we show a simulation when the initial length is
l(0) = 30 mm, but the ratio has been lowered to cs/c∞ = 0.05,
which is below the threshold value f (z0) = 0.060. According
to Theorem 4.1 there exists no steady state, which is in accor-
dance with the simulation in Figure 13, which shows how the
axon shrinks.
7. Discussion and conclusions
7.1. Mathematical modelling aspects
The dynamic model presented for axonal growth (14) can
be seen as an extension and modification of a previously pub-
lished model by McLean and Graham [12] (MG model). Both
models use the linear PDE (5) for modelling the active and dif-
fusive components of transport of tubulin along the axon and
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Figure 13: The case cs/c∞ = 0.05 when no steady state exists. Starting from
the initial length of l(0) = 30 mm the axons shrinks.
an ODE for the axonal elongation (12), namely that the length
increase per time unit is equal to an affine relationship of the
available concentration of free tubulin in the growth cone (or at
the boundary x = l(t)).
The two new ingredients in our model is (1) an additional
ODE for the concentration of free tubulin in the growth cone;
and (2) a careful derivation of the flux of free tubulin into the
growth — this flux includes the velocity of the moving bound-
ary. We allow the growth cone to have a certain size, whereas
it is zero in the MG model. When the size of the growth cone
in our model tends to zero, the MG model is, however, not ob-
tained. The reason lies in the ingredient (2). We explain this in
detail below.
The MG model has an additional ODE for the production of
tubulin in the soma. This means that the production rate and
size of the soma must be known to drive the model. This is
an interesting modelling aspect that we have purposely left out,
since the boundary at x = 0 is stationary and implies no special
difficulty in the modelling. We have focused on the complexity
of the moving boundary at x = l(t) and have chosen the simpler
assumption that the soma concentration is directly given as a
function of time; cs = cs(t).
In the modelling step, all the following phenomena or pro-
cesses have been taken into account: active transport, diffusion,
degradation along the axon and in the growth cone, assembly
and disassembly of tubulin dimers in the growth cone and fi-
nally the movement of the growth cone, which is also the output
of the model. The problematic fact is that all these effects are
combined and influence each other, since they depend on the
local concentration. With such many combined processes, it is
impossible to tell beforehand (by physiological and biological
experience) what a natural steady-state concentration distribu-
tion c(x) along the axon is. It is then the strength of mathemati-
cal modelling comes in. Each phenomenon can be included in-
dividually, based on a restricted physiological or biological ex-
planation possibly obtained from controlled experimental con-
ditions; see Section 3 and all references therein. The outcome
of the mathematical model is then the combination of all phe-
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nomena such that they obey the overall physical law of conser-
vation of mass. A typical such example is the non-monotone
concentration distribution of free tubulin c(x) along the axon,
which our model yields for nominal parameter values. Having
a correct intuitive feeling for the final outcome would be equal
to solving the differential equations by intuition. On the other
hand, once we have the mathematical result (the non-monotone
profile), one should try to give some intuitive explanations; see
Section 7.2.
It is interesting to track down the exact details of the differ-
ences between the present model and the MG model. We use
the same PDE (5) along the axon, which comes from the con-
servation of mass and the fact that the flux [mol/s] of tubulin
at any fixed point on the x-axis is ac− − Dc−x . We also use the
same ODE for the axonal elongation (12). The second ODE
in our model describes the accumulation of free tubulin in the
growth cone and models thereby the dynamic variation of the
cone concentration cc(t). In this way, we get a natural con-
nection between the transport processes along the axon and the
growth cone concentration.
The MG model has a growth cone of size zero, which is
a mathematical idealization that can be made. However, the
main difference lies in the boundary condition at x = l(t). We
have carefully derived that the flux of tubulin over x = l(t)
(seen by an observer moving with the boundary) is given by
the expression (7), i.e., the flux per area unit [mol/(m2s)] is
ac− − Dc−x − l′(t)c−. McLean and Graham [12] writes that this
flux is −c−x . Hence, they assume that diffusion is the only effec-
tive flux (with D = 1) and that a = l′(t). (The latter equality
implies l(t) = at + l0, which contradict the ODE for l(t).) In
any case, their final boundary condition [12, Equation (2.3)] for
x = l(t) is
c−x = −lc− + ζl. (39)
This introduction of new parameters remove the above implicit
assumption that D = 1. However, (39) means that the moving
boundary has not been taken into account. To compare with
our model, Equation (39) can be seen as a simplification of our
ODE for the growth cone concentration, which is either (8),
(13) or the second equation of (14). Namely, setting the size
parameter lc of the growth cone to zero and using cc = c−, (13)
becomes
0 = ac− − Dc−x − rg(c− − c∞)c− ⇐⇒
c−x = −
rg
D
(c−)2 +
a + rgc∞
D
c−. (40)
An equivalent way of obtaining this equation is to simply use
the conservation of mass over x = l(t). Seen from an observer
moving with the boundary (to the right along the x-axis), the
influx on the left-hand side of x = l(t) is ac− − Dc−x − l′(t)c−,
which is equal to the flux out on the right-hand side, which is
zero. Substituting the ODE for l′(t) one arrives at (40).
The differences between the two models (when the growth
cone has zero size) can now be seen in the differences between
(39) and (40). Firstly, in (40) no new parameter has been in-
troduced, in contrast to l and ζl (39). Secondly, taking the
moving boundary into account, one ends up in a nonlinear rela-
tion (40) between the concentration c− and its spatial derivative
c−x . This difference explains why the MG model yields decreas-
ing concentration profiles along the axon, whereas we get non-
monotone ones.
Note that we get a non-monotone profile also in the case
when lc = 0; Theorem 4.1 still holds; see also Figure 8. Then
there is no ODE for the growth cone, but instead the bound-
ary condition (40) at x = l(t) for the PDE. Hence, it is not
the growth cone ODE that is responsible for the non-monotone
steady-state profile, it is simply the outcome of the conservation
law of mass.
7.2. Conclusions
One outcome of this work is the presented new dynamic
model of tubulin-driven axonal growth (14). The input to the
model is the tubulin concentration cs(t), which we assume is
given. Except for this function, the model has seven (constant)
parameters, which are all biological or physiological parame-
ters or combinations of such. Since we analyze steady-state
solutions in this work, cs has been constant in time. Depending
on this value, and the values of five additional parameters (a, D,
g, lc, c∞), all steady-state solutions have been classified. One
conclusion is that the values of the rate constants rg and r˜g in
the dynamic model have no influence on the steady states, hence
only on the dynamic behaviour and convergence to steady state.
The biologically most interesting cases arise when all param-
eters take positive values and these cases are given in Theo-
rem 4.1. With the nominal parameter values (Table 1), which
we have extracted directly or indirectly from the biological lit-
erature, the following inequality is fulfilled:
glc = 2 · 10−12 m/s < 1 · 10−8 m/s = a.
Then Case I of Theorem 4.1 states that, when a steady state
exists, the concentration of tubulin along the axon c(x) is given
by the explicit formula (27), but the length l∞ has to be obtained
numerically by solving the equation f (z) = cs/c∞ with f (z)
given by (24). A way of getting an overview of the possible
values of l∞ is to plot the graph of the function (24), which has
a minimum at z0 = 5.64 mm; see Figure 2. The value on the
ratio cs/c∞ gives directly whether zero, one or two steady states
exist and the corresponding length(s) l∞ can be read off on the
z-axis. If the ratio cs/c∞ < f (z0) = 0.06, then there exists no
steady state, i.e. no outgrowth can occur. For higher values on
cs/c∞, the steady-state concentration along the axon is given
by the function (27). If 0.06 < cs/c∞ < 1, then there exists two
steady-state solutions. One has a very short l∞ < z0 = 5.64 mm,
which actually becomes smaller and smaller the closer the ratio
cs/c∞ is to 1. Dynamic numerical simulations indicate that this
is an unstable steady state and thus not possible biologically.
The other steady state is stable, has a larger l∞ > z0 = 5.64 mm,
and this value is larger the larger cs/c∞ is. When cs/c∞ ≥ 1,
there exists a unique steady-state solution.
Numerical simulations of the dynamic behaviour in Sec-
tion 6 indicate that every steady-state solution with l∞ > z0 =
5.64 mm is stable, whereas the shorter ones are unstable. An
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overall conclusions is thus that for the most interesting cases
when glc < a and cs/c∞ > f (z0) hold, there exists a unique
stable steady-state solution. For an axon of arbitrary length, if
the soma concentration decreases to a constant value such that
cs/c∞ < f (z0), then there exists no steady-state solution and
dynamic numerical simulations show a shrinking axon.
One interesting outcome from the model is the form of the
concentration distribution c(x) along the axon for the stable
steady states in Case I of Theorem 4.1. Starting from the soma
at x = 0, the concentration decreases and is in fact along a
large portion of the axon lower than both cs and the steady-
state soma concentration c∞. The explanation for this form is
hard to make intuitively, since it is a result of the combined ef-
fects of active transport, diffusion, degradation, (dis)assembly
of tubulin and the velocity of the growth cone. The mathemati-
cal equations combine these phenomena and yield the very form
of c(x), which is given explicitly by the closed-form expression
(27). This is a good example of the purpose and strength of
mathematical modelling; it is impossible to reason biologically
what the precise form of a steady-state solution should be.
An interesting biological conclusion, which is in agreement
with experimental results, is that a relatively large active trans-
port velocity a means that the flux is sufficiently large to trans-
port tubulin the long way out to the growth cone despite the
relatively low concentration of tubulin in the axon. Along the
axon, the two flux components, advective and diffusive, are pre-
cisely balanced by the degradation of tubulin. Note that the to-
tal flux (advective plus diffusive) is decreasing along the axon
because of the degradation. The increasing concentration distri-
bution near the growth cone implies that diffusion occurs in the
direction to the soma but the active transport to the growth cone
is so large that the net flux is precisely what is needed to bal-
ance the degradation of tubulin in the growth cone. Note also
that we have assumed that the concentration of tubulin varies
continuously due to the presence of diffusion.
If the active transport velocity a is too low, namely less than
glc (Case II of Theorem 4.1), then there still exists a unique
solution; however, the concentration along the axon c(x) is de-
creasing, which partly means that the diffusion flux is always
directed towards to growth cone, and partly that this solution
only exists if the soma concentration cs > c∞.
The model gives information also in the extreme cases when
one or more parameters are zero. The biological interest in such
cases is if the corresponding variable(s) are negligible. The
mathematical advantage to set a very small variable to zero, is
that in some cases one gets special solutions that can be written
up explicitly which makes it easier to draw biological conclu-
sions.
When advection is negligible (a = 0), the flux of tubulin
from the soma to the growth cone is only present in the form of
diffusion. Since diffusive flux occurs from higher to lower con-
centrations, the only possible steady state has a decreasing con-
centration of tubulin from the soma to the growth cone, which
is precisely what Theorem 4.2 states. This theorem also states
that if the soma concentration is too small (cs < c∞), there exists
no steady state with l∞ > 0.
Another extreme case is when the degradation of tubulin is
negligible (g = 0). Theorem 4.3 states that a steady state exists
if and only if cs < c∞ holds. Then there is no net flux at any x
along the axon; i.e. the concentration c(x) is increasing in such
away that the advective flux towards the growth cone is equal to
the diffusive flux back to the soma. If cs ≥ c∞, then there exists
no steady state and the the axon may grow indefinitely.
The case when diffusion is negligible (D = 0) is a special
case; however, not an unrealistic case, since D is a relatively
small number. Without diffusion, the solution of the PDE may
in fact contain discontinuities. Hence, the continuity assump-
tion we have made for the boundary conditions is not natural.
From a mathematical point of view, one cannot beforehand ig-
nore the possibility of a concentration discontinuity at x = l(t).
Theorem 4.4 gives explicit functions for both the decreasing
concentration profile along the axon and the length of the axon
in the unique steady state. Note that the decreasing concentra-
tion along the axon agrees with the general case except near
the growth cone. We also note that the steady state exists if
and only if acs > glcc∞, i.e., when the advective flux (acs) from
the soma is greater than the degradation of tubulin in the growth
cone (glcc∞). The difference between these two numbers is pre-
cisely the amount per time unit of transported tubulin along the
axon that is degraded.
We have not found (in literature) any experimental indica-
tions against the non-monotone concentration distribution of
tubulin along the axon which our model yields for the nomi-
nal parameter values. It is in agreement with the fact that the
active transport is the most important ingredient for the out-
growth of long axons. The velocity a of the active transport has
been assumed to be constant. Experiments reported by Watson
et al. [29] and Xu and Tung [30] show a decreasing velocity
along fully grown axons; i.e. a = a(x) is a decreasing function.
Although such a dependence could be included in the model, it
is not clear what causes this decrease and hence what function
a(x) to use.
More comprehensive future extensions of the model would
be to include other substances than tubulin, for example, actin
which is redistributed within the growth cone so that it can turn
as a response to external stimuli.
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